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Abstract. For high-level programming languages, linear array layout (e.g, column major and row major orders) have de factobeen the
sole form of mapping array elements to memory. The increasingly deep and complex memory hierarchies present in current computer
systems expose several deficiencies of linear array layouts. One such deficiency is that linear array layouts strongly favor locality in one
index dimension of multidimensional arrays. Secondly, the exact mapping of array elements to cache locations depend on the array’s size,
which effectively renders linear array layouts non-analyzable with respect to cache behavior. We present and evaluate an alternative, semi-
hierarchical, array layout which differsfrom linear array layouts by being neutral with respect to locality in different index dimensions and by
enabling accurate and precise analysis of cache behaviors at compile-time. Simulation results indicate that the proposed layout may exhibit
vastly improved TLB behavior, leading to clearly measurable improvements in execution time, despite a lack of suitable hardware support
for address computations. Cache behavior isformalized in terms of conflict vectors, and it is shown how to compute such conflict vectors at

compile-time.

1. Introduction

Present state-of-the-art compilers do not consistently
deliver the performance reasonably expected by users.
One of the most fundamental reasons for thisisthat ex-
isting high-level languages invariably induce a percep-
tion of memory as being flat, whereas actual computer
architectures are being equipped withincreasingly deep
memory hierarchies to overcome the widening perfor-
mance gap between processors and main memories.
Devising locality enhanced algorithms, suitable for
hierarchical algorithms, is a creative process just as al-
gorithm development in general, and it is not in general
reasonable to expect compilers to automatically derive
such algorithms from their non locality-enhanced coun-
terparts.t Long-term success in the increasingly impor-
tant problem of consistentlyobtaining high performance
from hierarchical memorieswill most likely require per-
formance models and languages wherelocality is some-
how exposed. Idedlly, this would enable adistinct divi-
sion of responsibility between compilersand their users,
where compilers perform all architecture specifi¢un-
ing, and algorithmic aspects (including agorithmic lo-
cality) are managed by humans. For such a division of
responsibilities to be meaningful, both parties must be
given the means to perform their designated tasks. For
a compiler this means, among other things, that logical
locality should be reliably trandated into effective lo-

* This work was supported in part by the Swedish Research
Council for Engineering Sciences (TFR, grant 97-722).

1 Loop tiling and similar program transformations are success-
fully employed by many compilers, but several well known blocked
forms of matrix algorithms can only be derived by exploiting
algebraic properties of matrices[1].

cality. Consider the following fragment of Fortran 90
code:

function mmMpyAdd( A, B, C)
real, dimension(:,:), intent(in) :: A, B
real, dimension(:,:), intent(in,out) :: C

integer L, M, N
integer i, j, k

M =size(C, 1)
N =size(C, 2)
L =size( A, 2)
doi=1,M
doj=1,N
dok=1,L
C(i.j) = C(i.j) + A(i.k) * B(k,j)
end do
end do
end do
end function mmMpyAdd

In common with most other programming languages,
the arrays passed to mmMpyAdd as A, B and C arelikely
to have been dynamically allocated with sizes depend-
ing on values input to the program, or being statically
non-determinabl e for other reasons. Throughout this pa-
per we assume that array sizes, for the most part, can-
not be determined at compile time. When using linear
array layouts both the direction and distance in the iter-
ation space, between iterations which experience cache
interference, depend on the sizes of the arrays involved.

Inthis paper weinvestigate an aternative, semi-hierarchical,

array layout (called HAT), which addresses the issues
raised above by being effectively dimension-neutral with
respect to access distance in memory, and by mapping
array elements to memory locations such that the pos-
sible cache-location of each element does not depend
on the size of the corresponding array.

[V | . . . .
1* © 2001 Kluwer Academic Publishers. Printed in the Netherlands.
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The remainder of the paper is structured as follows:
First, the details of our non-linear array layout are pre-
sented in Section 2 along with smulation statistics and
measured performance results for a small set of com-
putational kernels. Section 3 we show that when using
the HAT layout for programs with regular control flow
and data references (i.e., nested loops with affine ar-
ray index expressions), cache conflicts form repeating
compact patterns which tessellate the iteration space,
and whose exact contents is computable at compile-
time. In Section 4 we present related work. Finaly,
in Section 5, we discuss our results, draw conclusions,
and suggest future work.

2. Array Layout

Any implementation of aprogramming language which

provides multi-dimensional arrays, must also decide upon

ways in which to map multi-dimensional index-spaces
to the linear address spaces used for memory. Such
mappings of index spaces to address spaces may be for-
mally specified as layoutfunctions L [4], which should
be interpreted such that L applied to tuples of array
indices (i, ..., im) Yields the memory location of the

corresponding array element relative to the starting mem-

ory location of the array.

2.1. LINEAR ARRAY LAYOUTS

The layout functions L|jnegr COrresponding to linear
array layouts may be expressed as

Llineal‘(il""’im):SE'ZCkik’ 1
k=1

where Sg denotes the size of array elements. The ubig-
uitous row major and column major orderings are both
linear array layouts which simply correspond to differ-
ent choices of ¢y, ..., cm. The most significant benefit
of row mgjor and column major layouts is due to their
linearity (i.e, L(ai + Bj) = aL(i) + BL())), as it
enables incrementalcomputation of memory addresses
for sequences of index tuples. For the very common
case of index tuple sequences with aconstant difference
between successive elements, incremental computation
of addresses can be made particularly efficient, and is
indeed performed by al modern optimizing compilers.

Sadly, the efficient address computations of linear
array layouts are offset by their inclination to interact
poorly with hierarchical memory systems when arrays

are large. Linear layout functions inevitably map ar-
ray elements which are adjacent along some direction
of the index-space to consecutivememory locations,
whereas neighboring elements along remaining orthog-
ona directions tend to occupy widely separated mem-
ory locations. Separation of logically adjacent locations
makes it unnecessarily difficult for compilers to trans-
form logical locality into effective locdity, and in com-
bination with the different behavioral characteristics of
caches and TLBs[16] and the influence of array sizes
on the mapping of array elements to cache-locations,
the task becomes near impossible.
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Figure 1. The semi-hierarchical array layout (HAT) applied to atwo-dimensiona array, and using 8-by-8 top-level tiles.

2.2. HIERARCHICAL ARRAY LAYOUTS

An m-dimensiona array which is mapped to memory
using a hierarchical layoutcan be seen as being re-
cursively constructed from 2™ equally shaped subar-
rays. Different rulesfor the relative ordering of the con-
stituent subarrays lead to globally distinct hierarchical
array layouts, which are known by names such as C-
order, U-order, Hilbert order and Z or Morton [17] or-
der (an example of transposed Morton, or Z'-layout
is provided by the right hand-side of Figure 1). Hier-
archical array layouts have been developed and used
for various special purposes, such as in computational
subroutine “libraries’ [5, 4], load balancing of parallel
computations [13, 18], and inimage processing [9, 28].

Despite anon negligeable volume of results on hier-
archical storage layouts, such results have typically not
become widely known. Severa authors seem to have
reinvented such storage layouts plus associated con-
cepts and results themselves [D.S. Wise, personal com-
munication], only to subsequently find them scattered
among an unusually wide assortment of scientific pub-
lications [24, 17, 21]. Our motive for reinventing the
Morton order wasto enabl e accurate and precise compile-
time analysis of cache behavior and to simplify simul-
taneous locality enhancement with respect to complete
memory hierarchies (e.g, both cache and TLB).

A downside of pure hierarchical array layouts based
on globally constant subarray shapes, is that they po-
tentially waste huge amount of address-space for arrays
whose shape deviates from the subarray defining its
layout.” To avoid this we have chosen to combine a

2 In [26], Wise has recently pointed out that only address space,
not actual storage, is being wasted. His conclusion that such waste

linear layout (column major order) with a hierarchical
layout (transposed Morton order), by using the Morton
order for subarrays up to one or several TLB pagesin
size, and let these subarrays in turn, be ordered accord-
ing to the linear layout. The resulting semi-hierarchical
array layout (illustrated in Figure 1) is called HAT (for
“Hierarchical Array Tiling"), to emphasize itsintended
coexistence with locality enhancement and compiler op-
timizations.

2.2.1. Address Arithmetic

The computation of addresses from indices does look
like a potential source of inefficiency for hierarchical
array layouts. Fortunately, for aMorton (and transposed
Morton) ordering based on 2x - - - x 2 subarrays (as used
for HAT), the addresses of array elements are com-
putable from indices through simple bit operations, |ead-
ing to a definition of the layout function for transposed
Morton order as:

im) = Selm MM (- i MEig) - )

)
where MK is an operator® such that r = (a M* b) isthe
interleaving of groups of k bits from b with single bits
from a, as shown in Figure 2 for k = 2. From (2) it is
easily seen that the mapping of array elementsto mem-
ory isindependent of an array’s sizand that address
computations may be performed through simple bit-
operations, but current processor architectures rarely
include M\ -operations in their instruction sets, nor are
these operations easily synthesized as short sequences

LMorton(is - -

is harmless overall will, in our opinion, require more experimental
evidence than given in [26].

3 The visual appearance of A\ is intended to suggest the inter-
leaving of bitsfrom two sources.
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of common instructions, and as a consequence direct
evaluation of Lpjorton Will be rather expensive. Inter-
estingly, thisis not vastly different from linear layouts,
for which the integer multiplications in L |jegr Makes
its direct evaluation costly. Surprisingly, incremental
updating of addresses can be efficiently done also for
arrays using Morton order as is demonstrated by the
following example:

EXAMPLE 1. Consider the index tupl€3, 5) of a two
dimensional array of single precision floats, whence

= 4.3M!5)
= 4.(0000101 M 00000011)

= 10011100 = 156,

LMorton(3. 5)

which may be decomposed into components corresponding

to each index as:
10011100 = 00010100 Vv 10001000,

where Vv denotes the bitwiser of its two operands. Now,
given the pair of values or:ed to formpkgrion(3. 5), we
may compute porton(3 + 3, 5) as follows:

00010100

+ 10101000

10111100

<+ 00010100

11010000

A 01010100
01010000 Vv 10001000
= 11011000

216,

Formal justification of the operations just performed
is provided by the algebra of dilated integers [24, 21,
26] (p. 53-55, p. 222-226, and p. 779-781, respec-
tively). For the convenience of our readerswe now briefly
summarize its most salient features from the references
just cited.

DEFINITION 1. Lets be an integer whose binary rep-
resentationiss= ss.1...5%, § € {0, 1}, and using
two’s complement representation for negative integers.
The integer

Spk=50---05310---0...50--- 0%
k bits k bits k bits

is called a keilated version of s, or simply a dilated
version of s for k= 1.

DEFINITION 2. The transposed Morton-order offset
of array elementi, j) is given by ja1V jm1 < 1, where

X <y denotes the left-shifting of x by y. Similarly, for
an index tupldi, j, k) the corresponding offset is given
byinzV (jm2 <1V (ky2 < 2), and so on for higher
dimensional arrays.

N RARA N

Figure 2. A M2 operation, generating an 8-bit result.

THEOREM 1. Letm and n be two integers and legm
and ny« be their k-dilations, for some k. Then, if m and
n are both nonnegative or both negative,

m=n
m>n

iff Mpk = Nk,
iff Mpk > Npk.

THEOREM 2. Let @ and & denote the k-dilated
addition and subtraction operators, such th@hx @D

In) = (1 + Py and (ink Ok jme) = ( — Pk,
respectively. Then

3)
(4)

where my« is the k-dilated form of-1 or 111 ---111,
and fy« is the bitwise complement ofym.

(ipk 4+ Tk + Jmk) A Mpyk,
(e = ) A Mppic,

ik @k Jmk
i/x\k Sk j/x\k

Note that when either of iy« or jy« are constants a
costly run-time k-dilation may instead be done at compile-
time, and in addition, either i y«+ fyk Or fpk+ jpx may
be evaluated at compile-time which further reduces the
operation count of address computations.

Returning now to the HAT-layout, we see that the
layout function of HAT may be written as

LHAaT( 1, - im) =
Sv - Lijnear(1 div To, ... im div Ty) +
S - LMorton(izmod Ty, ..., im mod Tm),

where S isthe size of the largest Morton ordered sub-
array (e.g,one TLB-page) and Ty, . .., T, arethe sizes
along each axis of the array of the largest Morton or-
dered subarray. S denotes the size of individua array
elements. The algebra of dilated integers may be used
to incrementally update addresses within the Morton
ordered subarrays of HAT.

interact-wp.tex; 10/01/2001; 6:01; p.4



200.0

150.0 -

100.0

time (s)

50.0 -

0.0
30.0

20.0 - =

10.0 |- =

TLB miss rate (%)

0.0
60.0

50.0 -

40.0 -

L1 miss rate (%)

30.0 -

20.0

n 1 n 1 n
50 100 150 200
problem size

time (s)

150.0

100.0 .
50.0 :
0.0
8.0
o |
~ 60 [ -
[}
% |
n 4.0 - i
2
g |
m 20 .
~ L

0.0

80.0

S 70.0 |-~ T .

= I |

E 60.05 7,

B 500 | .

€ L |

= 400 - .
300 [ L | L | L | L | L |

50 100 150 200 250 300

problem size

Figure 3. Execution time plus cache and TLB missratesfor the NAS GMTRY kernel (left) and the NAS VPENTA kernel (right), vs problem
size. Filled dots represent column major results, and hollow squares represent HAT-layout results.

2.3. EXPERIMENTAL EVALUATION

To evauate the performance and behavior of the HAT
layout, we have rewritten a small set of Fortran ker-
nels to take problem size as a command line argument
and to use arrays of corresponding sizes. Compile-time
switches are used to select either column major array
layout or HAT-layout, where the | atter forms have been
explicitly devised to incrementally update addresses of

array elements by using dilated integers. No other changes

have been made to the programs which means that the
reported results correspond to the performance of the
HAT-layout for row and column traversals of the arrays
(i.,enon-tiled code). All programs were compiled us-
ing the Sun Workshop 5.0 Fortran compiler using near
maximum optimization* and were run on Sun Ultra 10
workstations equipped with 333 MHz UltraSPARC-11i
microprocessors, 2Mb of unified 2nd level cache, 640Mb
of main memory, which run the Solaris 2.6 operating
system. Cache and TLB statistics were obtained us-
ing SpixToolsg/Shade [6] running identical binaries as
used for timing measurements, configured to simulate
16Kb direct mapped data and instruction caches and
60-entry fully associative data and instruction TLBs.
Reported L1 miss rate statistics were gathered under
the assumptions of a perfect data TLB (no misses).

4 -xtarget=ultra2 -xarch=v8plusa -xO5 -depend.

Thebenchmark codesfor which results are shownin
Figure 3 (GMTRY and VPENTA from the NAS kernel
benchmark) were chosen for not exclusively traversing
arrays along the most favorable index dimension. These
codes were however not designed for the HAT-layout.
Upon inspection of the diagrams in Figure 3, it isim-
mediately visible that the column major layout suffers
from very high TLB missrates whereas the HAT-layout
suffers from rather high L1 miss rates. The TLB miss
rates experienced by the column major layout isan im-
mediate effect of consecutive accesses not being along
the favored index dimension. The HAT-layout is inher-
ently more likely to experience high cache miss rates
for regular array references, than arelinear layouts. How-
ever, as we show in the next section, the HAT-layout
permits accurate and precise compile-time analysis of
its cache behavior, which in turn enables compile-time
elimination or reduction of poor cache behavior.

Looking at the execution time results for HAT and
column major results we see that the column major lay-
out clearly suffersfrom its high TLB miss rate also that
relatively small variations in L1 miss rates may result
in substantially increased execution times (some peaks
in execution do not correspond to L1 or TLB miss-rate
peaks).

For the HAT-layout, execution time forms a substan-
tially smoother curve than for the column major layout,
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which by itself might be taken as an indication of easier
optimization problems, and distinct bump in execution
time for the VPENTA kernel corresponds directly to an
increasein L1 missrates.

When comparing execution times, it must also be
remembered that for the present experiments, the HAT
layout is penalized to a varying degree by the lack of
compiler support. The compiler we have used, is com-
pletely ignorant of the HAT-layout and therefore does
not fully detect common subexpressions or do strength
reduction of address computations.

3. Cachelnterference & Conflict Vectors

3.1. CACHE INTERFERENCE

The results of this section rely on expressions used in
array references being affine functions of loop-control
variables from enclosing loops. For such index expres-
sions the mapping of loop-control variables to array in-
dicesimplied by areferencesuchas“A(l + 1,1+ J + 2)"
may be expressed using matrix notation:

SLIEL e

Henceforth, such matrices of coefficients, originating
from array references will be called access matrices
and similarly constant vectors such as[1 2] in (5) are
called offset vectors.

3.2. CONFLICT VECTORS

A pair of array references® R and Rg will access mem-
ory locations which map to the same index in cache,
and thereby possibly cause cache interference, only if:

M((Ra, 1)) = M((Rg.])) (mod Cs),  (6)

where Cg denotes the size of a cache-set, and where
M (-) denotes afunction which maps memory locations
to memory-lines® (i.e., M(a)=a — (a mod L), where
L sisthecacheline-size), and (-, -) denotes the address
of amemory access implied by a specific combination
of array reference (e.g., Ra) and iteration vector. For
a direct-mapped cache, the index uniquely determines

5 Using the terminology of Ghosh et al. [10, 11], we refer to a
static read or writein aprogram as areference, whereas a particular
execution of that read or write at runtime is a memory access.

6 A memory line refers to a cache line sized-and-aligned block
in memory, while acache line refers to the actual block in cache to
which amemory lineis mapped.

the possible location of each datum in cache which in
turn implies that the condition in (6) is both necessary
and sufficient. For set-associative caches, on the other
hand, the index of adatum does not uniquely determine
its possible locations in cache, and thus (6) is then re-
duced to only being a necessary condition. That is, for
set-associative caches, cache interference also depends
on the order of memory accesses and in such cases (6)
ismerely aconservative estimate, albeit one with fairly
high precision.

One of the main advantages of the HAT-layout is
that it allows the solutions to (6) to be determined and
enumerated at compile-time, which in turn means that
potential cache interference can be detected and accu-
rately quantified during compilation. To capture and
characterize this aspect of HAT-layout behavior, wein-
troduce the notion of conflict vectors, which is formal-
ized by the following definition:

DEFINITION 3. For a pair of (not necessarily dis-
tinct) array references Ry and Rg, a conflict vector
(denoted by £7) is said to exist for each pair of (by
statement) iteration vectorsi and j which satisfy equa-
tion (6) above, and itsvalueisthen defined by & = j —1i,
where the smaller vector of i and | is extended by zeros
to the size of the larger. In cases when the values of &
may have a dependence on an iteration vector, say i, we
writethisas &(i).

For comparison, reuse vectors [15, 10, 11] indicate the
direction(s) in the iteration space along which one or
several array references will access the same array €l-
ement, rather than an array element that is potentially
conflicting in cache.

3.3. CoOMPUTING CONFLICT VECTORS

The mapping of array indices to memory locations, as
well as efficient address computations, for arrays that
use the HAT-layout have been described in the previous
section. However, for the purpose of computing con-
flict vectors it is more convenient to work with the re-
verse mapping, from storage locations to array indices.
The mapping from storage locations, s, to array indices,
i, implied by the Morton order for an m-dimensional
array may be expressed as the matrix-vector product:

i=[lm 2lm 4y 8lm ... ]s @)

where |, is the identity matrix of order m, and where
the vector sis the binary encoding of the storage loca

tion. Asan example, consider the case of atwo-dimensional

7 The greek symbol & was chosen because of the acronym-like
correspondence: £ = xi ~ abbrev. cross interference.
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array; the mapping of storage locations to array indices
implied by (7) isthen given by

. 110204080 --- S
101020408 --- |7

and it is easily seen how the different components of
i are formed from even and odd components (bits) of
the storage location. Naturally, mappings of storage lo-
cations to array indices have afundamental role in the
computation of conflict vectors, and for thisreason, Hg,
where 2° is the size of Morton ordered subarrays, is

consistently used to denote the matrix [Im 2l m 4l - - - 2° ]

throughout the rest of this text.

In section 2 it is shown how, after reaching a prede-
fined and carefully chosen size-limit, the HAT-layout
changes from using Morton order to using column ma-
jor order. As a consequence, the mapping of storage
locationsto array indices given in (7) isincomplete and
needs to be augmented with alinear term correspond-
ing to the transition to a linear layout. Doing so, and
simultaneoudly replacing the left hand-side of equation
(7) with the mapping from iteration space to index space
implied by some reference, say Rg, yields an expres-
sion for the correspondence between iteration space co-
ordinates and storage lacations for that array reference:

Bj +b=Hgs+Lg.a. (8)

In (8), j is an iteration vector, B and b are the access
matrix and offset vector respectively of reference Rg
and dg denotes the dimensionality of array accessed
through reference Rg. The meaning of Hg, is given
above and L§_ isadiagona matrix with elementsiden-
tical to the sizes of Morton ordered subarrays aong
corresponding dimensions. As an example, given Mor-
ton ordered regions of 8192 bytes (c = 10), and an
array reference B(1+ 1,1+ J+ 2) where B is a two-
dimensiona array of eight-byte elements, the correspond-
ing instance of (8) is:

10]. |1 10204080160 320
[11}”[2] = [01020408 016} S*[ 0 32} e
wherej € Z2, s € {0, 1}1° and q € Z>2.

Asindicated in section 2 it is wise to chose transi-
tion points between linear and non-linear layouts such
that an integer multiple (= 1) of Morton ordered re-
gions fit and are aligned in each cache-set. The useful-
ness of such achoice is due to the modulo-Cs indexing
of typical caches, which causes the values of g-vectors

in (8) to become largely unrelated to the cache behavior
of reference Rg. The binary vector s in (8) indicates

the offset of an array element in some Morton-ordered
region. Since the size and alignment of Morton ordered
regions is tailored to the cache parameters, and assum-
ing temporarily that all array elements and cache lines
are of equal size (how to remove thisrestriction is dis-
cussed on pages 14 and 16), the values of sfor any pair
of conflicting accesses must be equal. Thereafter, and
if keeping equation (8) in memory, it is easily realized
that any conflict vector &(j) of reference Rg w.r.t. Rp
must satisfy

AG+&+a = Hjs+L§p ©
Bj+b = Hg,s+Lg.d

wheres € {0, 1)¢, p € Z%, g € Z%, and where A, B
and a, b are the access matrices and offset vectors of
references R and Rg respectively.

Cache interference phenomena are conventionally
categorized as being due either to self-interference or
cross-interference [15]. Self-interference represents the
case when it is memory accesses of the same refer-
ence that interfere in cache, and cross-interference rep-
resents all other cases of interference. To simplify the
presentation, and to remain “compatible” with exist-
ing literature, the computation of conflict vectorsis de-
scribed separately for self-interference and for cross-
interference.

3.4. SELF INTERFERENCE

When references R, and Ry are not distinct, we have
A = Banda = b, and of course dy = ds in equa
tion (9), which may then (because of Hg, = Hg_) be
rewritten as.

B§+Bj+b—-Lgp=Bj+b—-Lga,
which inturn is easily reduced to

BE —LSr = 0, (10)

wherer = (p — ) € Z% Equation (10) is a system
of linear Diophantine equations, and as such it may be
solved by any one of the existing methods for solving
such systems of equations, see for example, [22] (p.
52-59) or [27] (p. 106-117). By the theorem below,
the set of integer solutions to (10) can be represented
by a set of linearly independent integer vectors:

THEOREM 3. For any matrix A € Q™" and vector
b € QM suchthat Axg = bfor xg € Z", a set of integral
VECtors Xg, X1, . . ., Xt, exist, such that

{X|IAX = Db, x € Z"} = {Xo+A1X1, ..., AXe|Aq, ..

(11)
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wherexy, ..
rank(A).
Proof: See Corollary 4.1c in [22] (p. 45-48).

., X¢ arelinearly independent, andt = n—

Notethat solutionsto (10) where & belongs to the nullspace

or kernel of B (i.e, &€ € {a|Ba = 0}, commonly de-
noted by & € null(B) or & € ker(B)) represent tem-
poral reuse rather than potentially conflicting accesses.
The components of solution vectors corresponding to
r lets us distinguish between reuse and conflict with-
out computing the nullspace of B. Any solution repre-
senting a potentia conflict must have some non-zero
r-component, since otherwise the pair of accesses are
in fact accessing the same location which by definition
isacase of reuse. Thus, the set of self-conflict vectors
is chosen as the &-components of the basis indicated
by Theorem 3, for which the r-components are non-
zero. For multi-word cache-lines, potential conflicts ex-
ist that do not satisfy (10). An augmented set of self-
conflict vectors corresponding to multi word cachelines
of some known constant length can be obtained by solv-
ing variants of (10) with different right hand sides cor-
responding to how the Morton order in question maps
array elements to cache lines [8]. Doing so yields sets
of dightly different conflict vectors for adjacent iter-
ations, which may be more compactly represented by
the union of al such sets at the loss of some precision.

Under the assumption that base-addresses of multi-
dimensiona arrays that use the HAT-layout are aligned
on cache-set boundaries, an identica derivation of con-
flict vectors applies a so to references which access dif-
ferent arrays, but which use otherwise identical access
expressions. However, in the latter case, solutions for
which & € ker(B), including & = 0 do represent true
conflicts. Alternatively, assume the same constraints as
immediately above, with the exception that arrays us-
ing the HAT layout are not constrained to cache-set
boundaries, but that the relative alignment of such ar-
rays is somehow known. Then the expression corre-
sponding to equation (10) will (typically) have a non-
zero right hand-side, corresponding to the difference in
alignment of the arrays.

3.5. CROSS INTERFERENCE

For apair of distinct references R, and Rg, possibly to
arrays of differing dimensionalities, (9) can not be sm-
plified in the manner done for self-interference above.
Furthermore, cross-interference behavior is inherently
more varied and more complex to characterize. By try-
ing to solve (9) directly, the regularity and structure
which exist among solutions easily becomes obscured.

Instead it isuseful to study a“reduced” system of equa-
tions, corresponding to the iterations j such that the
references R, and Rg without offset vectors, would
access conflicting locations:

Aj" = HG,s +Lg,p

: ) 12
Bj' = HEs + LS. (12)
wheres € {0,1)¢, p’ € Z%, g e Z%, and where A
and B are the access matrices of references R, and Rg,
respectively, and j’ is an iteration vector. The signifi-

cance of (12) isthat for any pair of solutions {(j, s, p, ), ', S, p’,

to (9) and (12) such that s" - s = 0, we clearly have
£G)=&( +j") since&(j") = O, thus specifying trans-
lational symmetry in the solutions to (9). As shown
below, the sets of ' satisfying (12) are easily obtained
for typical index expressions. Space limitation prevent
us from including proofs, which may instead be found
in Chapter 6 of [8].

To establish the results just stated, we begin with
definitions which distinguish between types of s-vectors
satisfying (12), which motivates usto rephrase (12) dlightly,
and label equation instances corresponding to different
dimensionalities of S

8.=1{5 €{0.1° 3" p.q"
¢, 8 =Aj'—LS,p AHS S =Bj'~L5.q'}(13)

DEFINITION 4. A vector s € 4. is said to be re-
ducible (in 4c) whenever s = s1+S5, S1,S2 € 4
and s; # 0,5, # 0. Vectors s € 4, which are not
reducible are said to irreducible, among which the nul-
Ivector, O, of appropriate dimensionality is always present
duetoit being atrivial solution to (12).

THEOREM 4. For any pair of array references Ra, Rg
such that the row sums of [ATBT] are less than the
minimum diagonal element of LgA and LCB, the set of
binary vectors 4. is generated by a unique subset of 4.
consisting only of irreducible vectors.

First, each irreducible element of §. corresponds to an
irreducible element of $;4. Thus, given the set of ir-
reducible e ements of $.4, the irreducible elements of
4. may befound by extending each irreducible element
s € 8.1 (beginning with s = 0) to [sT1]" and testing
for membership in 4.

Having obtained a complete set of irreducible s' €
4., we may solve (12) for each such s’

acg oL THL T
B 0 LS g/—HgB’
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using standard methods [22, 27]. By doing so, a set of
solutions for j’, ontheform j’ = {uju = vo + A1vy +
-+ AV}, isdetermined for each irreducible s, where
inturn, £(j) = &(j +j’) for each j such that s's = 0,
where s is the location corresponding to j. Note that
when the conditions of theorem 4 are not satisfied by
apair of references, the members s of 8. may be de-
termined by enumeration of all elementsin {0, 1}¢ and
attempting to solve (12) for each such s € {0, 1}°.
Typically, however, the elements in access matrices of
multi-dimensional arrays are small, giving theorem 4
wide applicability in practice.
Finally afull cross-interference characterization may
be determined as the solution to (9) for each s ¢ 4,
which minimizes || &||;. The cross-interference behavior
of the pair of references is then perfectly described for
each location s, by its conflict vector & and the sets
of iteration vectors obtained by solving (12) for each
irreducible s € .. Note that for cross conflicts be-
tween arrays of equal dimensionality and equal-size €l-
ements, storage locations are sufficiently well identified
by their corresponding array indices, and thus (9) may
be simplified to

A(j+é& +a=
Bj +b -

I +Lg,p
I+ L5, (14)
in such cases.

For multi-word cache lines, an augmented set of con-
flict vectors is obtained by solving several instances
of (9) wherein H§ AS1 and Hg .S are used instead of
H§,sand Hg s, respectlvely, Wlth s, $ being different
Iocations beI ongi ng to same cache line [8].

3.6. EXAMPLES

The followin am fragment originates from the
SPEC95 TOI\%CP 'I%/ benchmark:

DO J=3,N-1
DO I =2, N-1
R = AA(1,J) * D(1,d-1)
D(1,J) = 1.0/(DD(1,J) - AA(1,J-1)*R)
RX(1,J) = RX(1,J) - RX(1,J-1)*R
RY(1,J) = RY(1,J) - RY(I,J-1)*R
END DO
END DO

wherein al arrays (AA, D, DD, RX, RY) have double
precision e ements. Since the access matrices are iden-
tical for al array references above and al arrays are
two-dimensional with double precision elements, the
matricesB and L g_ in (10) areidentical for all array ref-
erences leading to identical self-interference &-vectors.

For values of B and L g given by

f10 . 640
B—[o 1]""“de8—[0 32]

corresponding to the access matrices of the references
above, and a cache set-size of 16Kb (¢ = 14), the
corresponding set of self-interference &-vectors, as de-
termined by solving (10)

5] =]l

as expected. The set of &-vectors between references
to distinct arrays that use identical index expressions

8] )

and the set of cross-interference &-vectors for pairs of
the two distinct index expressions present in the pro-
gram fragment above is obtained by solving (14), which
yields &-vectors

SHELE Y
respectively.

As our second example of &-vector computation,
we consider the followi nﬂ program fragment (from the
NAS GMTRY kernel) which performs gaussian elimi-
nation:

DO 1=1,MATDIM
RMATRX(1,I) = 1.0/RMATRX(1,1)
DO J=I+1, MATDIM
RMATRX(J,1) = RMATRX(J,1) * RMATRX(1,I)
DO K=I+1, MATDIM
RMATRX(J,K) = RMATRX(J,K) - RMATRX(J,1) * RMATRX(I,K)
END DO
END DO
END DO

Asinthe previous example, al arrays aretwo-dimensional

and have double precision elements so that a simpler
form of (12) derivable from (14) may be used for com-
puting cross-interference. For the pair of references RMA-
TRX(J,1), RMATRX(I,K), the linear system to solve be-
comes

|
100-64 0 0 O |J< u
001 0 —-32 0 O v
010 0 0 —64 0 Pri=t | =
100 0 0 0 -32||"™ v
a1
[ %2
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for which one finds that

HEHEbEH

gives the trandational symmetry of the complete set of
solutions. The region in which to determine individual
solutions is therefore given by

(G,j,K0<k<320<i+k <128, 0<i+j+k <3}

An enumeration of all individual solutions here would
clearly require too much space and is easily obtained by
scanning the region given above. Hence we conclude
our examples by saying that the process is repeated for
each distinct pair of references in aloop nest in order
to obtain complete information on the cache behavior.

4. Related Work

Array layout has received much attention in the con-
text of automatic array alignment and distribution for
distributed memory machines [3, 12, 14]. In the con-
text of uni-processor memory hierarchies, the work of
Chatterjee et al. [4, 5] isthe most similar to ours. They
investigate and evaluate an array layout which is es-
sentialy identical to the HAT-layout, but which uses a
set of smallest tile-sizes within which linear layouts.
Significant performance gains are reported for some
hand-tailored tiled algorithms using their layout. The
basic properties of Morton ordering have been provided
multiple times in the literature, the most recent such
report being that of Wise [26].

With respect to program analysis, our work is most
closely related to the Cache Miss Equations [10, 11].
The cache miss equations (CME) framework, devel-
oped by Ghosh et al., identify cache-misses as inte-
ger solutions to specific equations. The CME solution
count could possibly be used to select between alim-
ited number of transformations, but it is costly to com-
pute even though faster, approximative methods have
recently been suggested [25]. Furthermore, unknown
array bounds turn up in the equations and counting the
solutions would then imply solving the CME symbol-
icaly which seems prohibitively difficult. This, how-
ever, is not afault of the CME-framework, but a direct
consequence of linear array layouts.

Lam € al. point out the destructive effects of self-
interference for tiled agorithms, and show how tile-

sizesmay be selected at run-timeto avoid self-interference.

Subsequently Coleman and McKinley [7] generalized

and improved the techniques of Lam et al.. Carter et
al. [2] discuss hierarchical tiling schemes for a hier-
archical shared memory model. Rivera and Tseng [19,
20] evaluate different heuristicsfor intra- and inter-array
padding as a means of avoiding conflicts. Temam et al.
have studied at data copying as a means to avoid cache
interference in tiled loops [23]. Kodukula et al. have
developed a seemingly flexible data-centric approach
to loop tiling, caled “shackling”, which handles im-
perfect loop nests and may be used to tile for multiple
levels of a memory hierarchy. The common focus on
storage suggests that data shackling might be a suit-
able starting-point for developing more comprehensive
optimization frameworks for the HAT-layout.

5. Conclusions

We have investigated a hierarchicaly tiled array lay-
out, HAT, from a compiler perspective. The main ad-
vantage of this layout is that logical data locality in
multi dimensional arrays consistently results in effec-
tive datalocality at run-time, and that it makes compile-
time analysis with respect to memory system perfor-
mance feasible. Thismakesit possible to construct com-
pilerswhich perform automatic tiling, and other compile-
time optimizations, with a higher degree of accuracy
and precision than allowed by linear array layouts.

With respect to cache hit rates, HAT inherently has
a disadvantage for codes with regular array accesses.
On the other hand, the HAT-layout makes codes with
regular array accesses analyzable so that poor cache
behavior can be detected and avoided at compile-time.
A consequence of thisisthat the HAT-layout a so could
be interesting for applications where predictability is
more important than average performance, such asin
rea-time systems.

Future work includes devel oping and eva uating au-
tomatic methods for selecting loop tile sizes and data
copying, based on the information provided by the con-
flict vectors.
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